Abstract. Finite systems of charge carriers confined by a harmonic trap are considered. The onion shell model for Coulomb clusters is analyzed and an improved model is proposed which is able to more accurately reproduce the results of numerical experiments. The ground state energy is determined, and the transition to an infinite system is discussed.
Introduction
The investigation of particles in a trap is of high current interest in many fields. Examples are bose condensates of alkali metals, electrons in quantum confined semiconductor structures, e.g. [1, 2] , ions in Penning and Paul traps, e.g. [3] and dusty plasmas, for an overview see e.g. [4, 5, 6, 7, 8] . Intense studies of trapped strongly correlated ions were performed in the last two decades of the previous century demonstrating, in particular the possibility of three-dimensional Coulomb crystals [9, 10, 11] . In parallel, a large number of theoretical and numerical investigations of Coulomb crystals was performed over the last 15 years, see e.g. [12, 13, 14, 15, 16, 17, 18] and references therein.
Meanwhile the experimental methods in many fields have improved essentially allowing to investigate in detail the structure of three-dimensional plasma crystals. Three-dimensional spherical dust crystals were recently observed at room temperature [19] , and it was shown by computer simulations that their structure is very well explained by a statically screened Coulomb repulsion together with a constant parabolic confinement [20] , in contrast to alternative theoretical models [21, 22] . These strongly correlated charged particle systems are a new and intesting kind of plasmas far outside the "normal" parameter range. Here many questions are still open. For completeness, we mention our recent theoretical investigations of the Coulomb crystallization conditions in a two-component plasma [23] and our analysis of macroscopic charged particle systems in traps, see Ref. [24] in this volume.
In this paper we will consider finite (mesoscopic) charged particle systems in a trap. In particular we will analyze the total energy. The trap is assumed to be realized by a parabolic potential and confines the particles thereby taking over the role of a neutralizing background which otherwise is needed to compensate the repulsive forces of the charged particles. We consider, thus, a true one component plasma (OCP) in a trap in contrast to the OCP (or jellium) model. Further, we discuss the transition to a macroscopic system.
Total Energy
The statistical expression for the total energy of a system of charge carriers is given by Eq. (1) and consists of three parts, e.g. [8] : the first is an ideal part (i.e. a contribution without correlations between the charged particles), E 0 , first line of Eq. (1)). Second, a contribution which corresponds to the self-consistent field and [to be complemented, in a quantum system, by the corresponding exchange part], second line of (1) , which is referred to as Hartree and Hartree-Fock terms E H and E HF , respectively. The third and most interesting contribution is the correlation energy, third line of (1) 
where G(r 1 |r 2 ) is the Green's function which may account for boundary conditions [8] which, in the following, will be replaced by
Each of the terms of Eq. (1) depends on the trap potential which we will assume the to be given by
The inhomogeneity caused by the trap, in principle, affects all statistical quantities of the plasma, including the single particle distribution (density) n(r) and the the two-particle distribution function F 12 or two-particle correlation function g 12 . In case of a weakly inhomogeneous system, these space dependencies can be simplified by a gradient expansion. To this end, one introduces center of mass and relative coordinates, r 1 , r 2 → r 1 − r 2 , 1 2 (R = r 1 + r 2 ). Weak inhomogeneity then means that the relative and center of mass coordinates decouple, i.e. the pair correlation function g 12 changes on much smaller scales in space than the single particle distribution n(r) does, see our discussion in Ref. [24] . Then F 12 is represented by
where the correlation function g 12 depends on the difference variables only, accept for a possible weak (parametric) dependence on R. This is the local approximation. Otherwise one has to perform a gradient expansion and solve the equation for g 12 , i.e. the second equation of the BBGKY hierarchy [24] more rigorously; see [8] , p.131, for a discussion. We mention that the total energy of interacting quantum particles in an external potential was given in a quantum statistical formulation in several monographs, see, e.g., [25] , [26] - [28] .
The aim of this paper is to investigate some aspects of the space dependence of the thermodynamic quantities for the case of a finite (mesoscopic) system in a spherically symmetric parabolic trap. We will concentrate on the ground state, which is characterized by a shell structure. Here comparisons are possible with MD simulations and with experiments. Also, we consider different versions of analytical onion shell models of such mesoscopic clusters. Finally, we discuss the transition to a macroscopic system.
Shell models for the Ground State of Finite Systems

Ion sphere models of Hasse/Avilov and Tsuruta/Ichimaru
For the discussion of Coulomb clusters, Ichimaru and Tsuruta [13] , Hasse and Avilov [12] and others introduced the onion shell model of Coulomb clusters of particles with charge Ze. The energy of such clusters having shells is usually discussed on the basis of the Hartree approximation only which, in an infinite system, is divergent and has to be compensated by a neutralizing background. On the other hand, if there is a confining trap, there is no divergency, and no compensation is required.
The formula proposed by Tsuruta and Ichimaru reads [13] (energy per particle in units Ze 2 /a)
where the dimensionless shell radii are x ν = R ν /a. The quantity ζ = 0; 1 accounts for the possibility of zero or one particle being located exactly in the center, and the x 2 ν -term represents the potential energy of a compensating homogeneous background. The latter term originates from assuming a spherically symmetric background charge distribution which produces (inside the sphere) a parabolic potential.
On the other hand, the formula given by Hasse and Avilov is [12] Coul
In Eqs. (3, 4) , the sum over μ represents the interaction of the particles in shell ν with those located on the shells inside the shell ν. This means, shell ν is assumed to be well separated from the other shells. Shell models are based on formulae for charged spheres and spherical capacitors which we, therefore, briefly summarize, see also Ref. [33] . For example, a homogeneously charged sphere of radius a and total charge q, has the potential energy
If the charge is homogeneously distributed over the surface of a sphere, we have (spherical capacitor)
Further, the electrostatic potential outside a charged sphere or surface at a distance r from its center is that of an equivalent point charge located in the center
Next, if the total charge q of the sphere or of the spherical shell surface is made of N discrete elementary point charges, q = Ne, the expressions (5, 6) are modified to
and for the surface case (spherical capacitor)
This is readily derived by counting the number of pair interactions. For example, Eq. (9) follows directly from Eq. (7): each of the N charges contributes an interaction energy e × φ point (a)
where φ point originates from the remaining N − 1 charges, and the factor 1/2 accounts for the double counting in the choice of pairs. Shell models assume that all particles are located on concentric spherical layers of zero thickness and are thus directly related to the surface expressions (6,9) and (7). The exact discrete N particle system is thus mapped onto a system with homogeneous charge distribution. The only thing left to do is to count the number of pair interactions inside each shell and between shells which are given, respectively, by the first and third terms in the models (3) and (4) . The intershell interaction depends on the charge inside a given radius, cf. Eq. (7), whereas the intrashell contributions should, according to Eq. (9), contain factors of the type N ν (N ν − 1)/2 [the correction −1 is missing in the model (4)]. Comparison with the statistical energy expression (1) reveals that these intrashell and intershell terms correspond to the mean field (Hartree) contributions.
However, this simple counting argument neglects correlations in the intrashell distribution of the particles, i.e. the fact that the distribution of N − 1 particles on a given shell in the exact system is not homogeneous, but disturbed by the N −th particle. Therefore, for a physically more accurate treatment of the interaction of charges inside the surface of a shell, the authors of Ref. [13] took into account that each of the N ν particles on shell ν occupies a finite area of the size A ν,p = 4πR 2 ν /N ν which cannot be occupied by other particles. This leads to a reduction of the intrashell interaction because each particle interacts with a charged surface of an area reduced by A ν,p which gives rise to the square root term in the model (3) . [This particular expression appears if the interaction energy of a sphere with area A ν,p (i.e. with radius R ν / √ N ν ) with all particles on the shell is subtracted, which is more an "educated guess" than a derivation].
Comparison with Eq. (1) reveals that this square root term corresponds to correlations (beyond Hartree-Fock), i.e. to the last term in Eq. (1). It turns out that these correlation contributions which are missing in the model (4) are essential for an adequate shell model.
Improved shell model
In fact, the approximation for the correlations used in Eq. (3) is also only qualitatively correct. This is readily seen on the example of 2 particles (they occupy a single "shell" of radius a). Model (4) yields the Coulomb energy H Coul = N 2 ν e 2 /2a = 2e 2 /a with N ν = 2. In contrast, the exact Coulomb energy is of course exact Coul = e 2 /2a because in the ground state the two particles are located opposite to each other, each at a distance a from the trap center (total distance 2a). The energy based on the correct pair counting, Eq. (9), is Eq. (9) Coul = e 2 /a, i.e. it is a factor 2 better than the model (4), but still a factor 2 wrong. This discrepancy arises from the model assumption of homogeneous charge distribution along the shell which is in this case, obviously, very far from the true location of the two particles. This difference is a clear effect of spatial correlations which become particularly obvious in this example. Interestingly, the model (3) performs much better giving
, which is wrong only by a factor 1.1716. Now, we can turn the problem around: we can force exact agreement with a slight modification of model (3) by introducing an additional parameter in front of the square root, resulting in intrashell terms of the form N ν (N ν − √ N ν )/2. Thus, our improved shell model becomes
where, for simplicity, we assume that is the same for all shells. For the present case of 2 particles, we obtain (2) = 3/(2 √ 2) ≈ 1.06066. As we will see below, this slight modification of model (3) works not only for 2 particles but for arbitrary particle numbers. Of course, depends on N but very weakly. For example, for N = 3, the exact ground state result is reproduced with the choice (3) = √ 3 − 2/3 ≈ 1.0654, and for N = 4, one finds (4) = 2 − (3/2) 3/2 /2 ≈ 1.08144. As a final example, we give the exact value for N = 6: (6) = 11/2 √ 6 − 2/ √ 3 ≈ 1.09067. More values will be obtained numerically by comparison to the MD results, cf. Tab. 1. Interestingly, for large N the correlation parameter approaches a value of approximately 1.104 which allows to accurately reproduce the exact ground state energy. The reason for this surprisingly good behavior is that the functional form of the correlation term (the square root behavior) is an excellent approximation, although a satisfactory derivation is still missing.
Evaluation of the Shell Models
The practical value of the shell models is that they reduce many-body problem to a much less complex problem. Whereas the exact ground state requires the knowledge of the positions of all particles, in the shell models the number of free parameters is drastically reduced: one has to determine the number of shells, their populations N ν and their radii R ν . In addition, in the models (3) and (10) the parameter ζ has to be determined and, in the case of the improved model (10) , also . This can be done for example with the help of a variational procedure. We now turn to the evaluation of the different models starting with the model (3).
Evaluation of the Shell Model (3)
We look for the lowest energy value of (3) We begin the procedure by first assuming the occupation numbers N ν of each shell ν given such that N = L ν N ν . Then the radii of the shells x ν follow from the condition ∂E/∂x ν = 0 what gives the formula for the radii under the assumption that the occupation numbers are known. We have to determine ∂E/∂x ν from (3) and obtain
Now we have to perform a variation of the occupation numbers such that the minimum energy is found. In principle, one has to vary any N ν from 0 to N . In practice, it is sufficient to vary the N ν around some guess, e.g.,
In the case of three shells, an independent variation is necessary for two shells only, so that we have to determine the energy, in our example, for 11 × 11 combinations and to select the lowest energy value, provided the range of variation around our guess includes the position of the minimum. For small particle numbers, the onsets of new shells are well known, see e.g. [17, 23] and the cited references: in a system with pure Coulomb interaction, the second shell starts at N = 13, the third from N = 58 (except for N = 60), the fourth shell starts at N = 155 and the fifth at N = 311 and so on. However, this procuedure works also if the number of shells is not known a priori. Then one has to vary both the occupation numbers and the number of shells in order to arrive at the well defined energy minimum.
The results of the evaluation are given in the following figures. First, we observe that the shell occupation numbers tend to a linear behavior as function of N 2/3 , see Fig. 1 , see also Ref. [23] .
In Fig. 7 , we show this again in a different scaling: for large N the normalized energy divided by N 2/3 tends to a constant. At the same time, the radius of the cluster tends to a N 1/3 -dependence [23] which is also observed in the experiments with Coulomb balls [23] although there the interaction is statically screened (Yukawa). It turns out that this average scaling of the shell populations and radii (in units of the average distance) is insensitive to the pair interaction. On the other hand, the absolute values of the shell populations do depend on the interaction.
This scaling behavior means that the total energy, for large N , behaves like N 5/3 , as can be seen directly from the model (3). It is interesting to note that this behavior is rather universal: it is also found for N harmonic oscillators at T = 0 [24] as well as for the energy of an ideal degenerate Fermi system. We will consider the behavior or a Fermi gas, including correlation effects later in the final section 5.
In the following Tab. 1, some results for the evaluation of Eq.(3) are given in the respective first of the three lines given for any N. For the second (and third) lines with > 1 see next section. MD means the results from Molecular Dynamics calculations, [17] , [30] .
Evaluation of the improved Onion Shell Model (10)
We now consider the modified shell model (10) which includes an improved treatment of intrashell correlations by means of the additional parameter . We will compare the shell model results for different values of to MD simulations which will allow us to determine the optimal value of We have to proceed in the same manner as before. For given occupation numbers, we determine the equations for the radii of the shells from the derivatives of (10), namely
Another possible modification is the application of a Yukawa type potential
instead of the Coulomb potential. This potential is useful for complex systems where the screening exponent of the Yukawa potential models the influence of the surrounding medium Figure 2 . Numbers of particles on the shells and energy in ryd (full line) for N = 190 as a function of the correlation factor on the two-particle interaction, e.g., in a dusty plasma [15] and for Coulomb balls [23] and will be discussed elsewhere. In general, i.e., for other than Coulomb potentials, the radii have to be determined numerically from the zeroes of the derivative of the total energy (10), i.e. of The procedure is performed according to an iteration of
Here, R (x ν ) is the partial derivative of R(x ν ) with respect to x ν . In Eq. (10), the x ν -dependence was not changed, so that we could immediately use Eq. (11). In the following figures and tables, we give some numerical results. In Figs. 2 and 3 , we see for the example of N = 190 that the occupation numbers and the shell radii vary considerably with , while the energy is changed only slightly. A numerical example is given in Tab. 2 for N = 160. In Tab.2, also the corresponding MD result is indicated. From Tab. 3 we see, in the energy keeps decreasing with without bound which is unphysical. Therefore, values of leading to ground state energies lower than the (exact) MD results are unphysical and will be excluded.
We follow two strategies: 1.) For N given, the minimum energy is determined from (10) by variation of the occupation numbers and thus of the radii for epsilon as a given parameter. The results of this scheme are presented in Tab. 2 and in Figs. 2 and 3 . Then the parameter may be varied such that the MD energies are met. Some results are collected in Tab. 1; here the respective results of the second lines for any N were determined such that E ≥ E MD , where the MD results are given in the respective third lines.
The scheme described so far exhibits discrepancies between occupation numbers and radii. Therefore we also consider a second approach: 2.) We take the occupation numbers from MD, determine the energy according to Eq.(10) and find such values which give energies as close as possible to those from MD (see the respective third lines in table 1).
In Tab. 4 we see an excellent agreement between energies, occupation numbers and radii for = 1.104 for several larger clusters. We give some comparison to the numerical results given in [17] and [30] . 
. Quality of the shell models
We first briefly discuss the quality of the shell models compared to the simulation results. The model (4) has the worst behavior which is due to the complecte neglect of intrashell correlation effects. Inclusion of these effects by the model of Tsuruta and Ichimaru, Eq. (3) significantly improves the quality. Comparison with the MD data, cf. Tab. 1, shows that the ground state energy is quite accurate: the relative error decreases from about 5% for N = 5 to about 0.3% for N = 160. Although this seems to be satisfactory, one has to keep in mind that these systems possess many metastable states which are energetically close to the ground state, see e.g. Ref. [17] . In fact, the deviations in energy of the model are sufficient to systematically miss the correct ground states starting approximately at N = 40. Also, the shell radii are systematically too large, indicating an overestimate of the Coulomb repulsion.
On the other hand, the improved shell model (10) shows in fact a much better behavior. Even for larger clusters, the shell radii and populations are much closer to the simulation results than in the model (3) . This indicates that the increased correlation induced reduction of the interparticle repulsion achieved with the parameter is physically relevant. The results show that best agreement with the simulations is reached for values of the correlation parameter close to 1. With increasing N , the optimal values approaches 1.104. We, therefore, expect that this value should have relevance also for a macroscopic plasma which we discuss below. On the other hand, from a practical stand point we may use the shell model (10) with the fixed parameter = 1.104 to predict the ground state configuration of large clusters in the range from several thousands to hundred thousands where exact simulations are extremely costly, e.g. [14] . These data are also expected to be valuable for comparison with experimental results in dusty plasmas and trapped ion systems, although for the first case one still needs to extend the model to Yukawa systems.
Shell models and relation to macroscopic plasmas
We now compare the shell model results to available analytical formulas for a macroscopic homogeneous one-component Fermi system, i.e. in the absence of any confinement field (but with a compensating homogeneous background). Here, results for a classical OCP and for a degenerate quantum Fermi system are available which we briefly review. In particular, we consider weak coupling results (Debye approximation) for finite temperatures of k B T /ryd = 1 and k B T /ryd = 0.01, and also the zero temperature results due to Gell-Mann and Brueckner and Carr and Maradudin, respectively. At very high densities, i.e. at high degeneracy, the dependence on the temperature vanishes.
First, in the weakly coupled non-degenerate case, i.e., at low densities and high temperatures, the internal energy is approximated by the Debye law with
where the second and third r.h.s. expressions are given in Heaviside-units (2m e = e 2 /2 =h = 1): Secondly, the highly degenerate expression for the energy can be approximated by the following expressions, according to [35] , [36] (for an overview see, e.g. [26] , [28] , and we use the hydrogen Bohr radius a B = 0.529 × 10 −8 cm below and d = ( 3 4πn ) 1/3 . Finally, the Wigner lattice result for an OCP at zero temperature is characterized by the energy
The shell model results presented in Figs. 7 and 8 shows a similar shape as the formula (15). This fact is underlined by the explicit comparison with the Wigner result (16) , as well as with the Hartree Fock energy
The corresponding classical T = 0 result was derived by DeWitt, Slattery & Doolen [37] , [38] ; see also [39] and is given by
Here the only relevant parameter is the nonideality parameter (classical Coulomb coupling parameter) given by Γ = . For large Γ-values, we have to take the Wigner result. Not that all three expressions, Eqs. (16), (17) , and (18) , which are corrections to the ideal energy (which scales like N 1/3 ), behave like N 1/3 . The next order would be the logarithm, see e.g. expression (15) . Fig. 7 , zooming into the energy scale. Approximations according to (15) , asterisks-first three r.h.s terms, full line-full expression. In addition-squares according to the fit formula (19) We now try to fit the results of the shell model to the known analytical schemes using the above asymptotics for large N . We, therefor, write the energy at T = 0 in the following form
A first fit to the shell results for N = 500 and N = 1415 leads to the coefficients B/A = 0.7381 , C/A = −0.4977 .
The results according to the (19) are indicated by squares in Fig. 8 . If we assume the coefficient A to be that of the degenerate electron gas, as in Eq. (15), the result for B/A corresponds to B = 1.6312 close to the Wigner result of B W = 1.792. As is obvious from Fig. 8 , the agreement is very good for N ≥ 400, whereas for smaller N the shell model (and exact) behavior is different. This trend is not surpising since the analytical asymptotics, and thus the fit ((19)) are valid only for large N . A further improved ansatz would be
However, here we restrict ourselves to the first four terms,
A fit to the results of the shell model (3) using the three points N = 500, 900, 1415 leads to Finally, we note that there are no reliable results yet in the thermodynamic limit in the intermediate density and temperature range. Here one has to rely on first principle computer simulations, such as quantum Monte Carlo results, see, e.g., [40] - [44] .
